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TORELLI GROUP, JOHNSON KERNEL AND INVARIANTS OF HOMOLOGY
SPHERES
SHIGEYUKI MORITA, TAKUYA SAKASAI, ANDMASAAKI SUZUKI
ABSTRACT. In the late 1980’s, it was shown that the Casson invariant appears in the
difference between the two filtrations of the Torelli group: the lower central series and
the Johnson filtration, and that its core part was identified with the secondary char-
acteristic class d1 associated with the fact that the first MMM class vanishes on the
Torelli group (however it turned out that Johnson proved the former part highly likely
prior to the above, see Remark 1.1). This secondary class d1 is a rational generator of
H1(Kg;Z)
Mg ∼= Zwhere Kg denotes the Johnson subgroup of the mapping class group
Mg. Hain proved, as a particular case of his fundamental result, that this is the only dif-
ference in degree 2. In this paper, we prove that no other invariant than the above gives
rise to new rational difference between the two filtrations up to degree 6. We apply
this to determine H1(Kg;Q) explicitly by computing the description given by Dimca,
Hain and Papadima. We also show that any finite type rational invariant of homology
3-spheres of degrees up to 6, including the second and the third Ohtsuki invariants, can
be expressed by d1 and lifts of Johnson homomorphisms.
1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS
LetMg be the mapping class group of a closed oriented surface Σg of genus g and
let Ig ⊂Mg be the Torelli subgroup. Namely, it is the subgroup ofMg consisting of all
the elements which act on the homology H := H1(Σg;Z) trivially.
There exist two filtrations of the Torelli group. One is the lower central series which
we denote by Ig(k) (k = 1, 2, . . .) where Ig(1) = Ig, Ig(2) = [Ig, Ig] and Ig(k + 1) =
[Ig(k), Ig] for k ≥ 1. The other is called the Johnson filtration Mg(k) (k = 1, 2, . . .)
of the mapping class group where Mg(k) is defined to be the kernel of the natural
homomorphism
ρk :Mg → Out(Nk(π1Σg)).
HereNk(π1Σg) denotes the k-th nilpotent quotient of the fundamental group of Σg and
Out(Nk(π1Σg)) denotes its outer automorphism group. Mg(1) is nothing other than
the Torelli group Ig so that Mg(k) (k = 1, 2, . . .) is a filtration of Ig. This filtration
was originally introduced by Johnson [13] for the case of a genus g surface with one
boundary component. The above is the one adapted to the case of a closed surface (see
[24] for details). It can be shown that Ig(k) ⊂ Mg(k) for all k ≥ 1. Johnson showed in
[16] that Ig(2) is a finite index subgroup ofMg(2) and asked whether this will continue
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to hold for the pair Ig(k) ⊂Mg(k) (k ≥ 3). He also showed in [15] thatMg(2) is equal
to the subgroup Kg, called the Johnson subgroup or Johnson kernel, consisting of all
the Dehn twists along separating simple closed curves on Σg.
The above question was answered negatively for the case k = 3 in [20][21] (however,
it turned out that Johnson proved this fact highly likely prior to the above , see Remark
1.1 below). More precisely, a homomorphism d1 : Kg → Z was constructed which is
non-trivial on Mg(3) while it vanishes on Ig(3) so that the index of the pair Ig(3) ⊂
Mg(3)was proved to be infinite. Furthermore it was shown in [22] that there exists an
isomorphism
H1(Kg;Z)
Mg ∼= Z (g ≥ 2)
where the homomorphism d1 serves as a rational generator. It is characterized by the
fact that its value on a separating simple closed curve on Σg of type (h, g−h) is h(g−h)
up to non-zero constants. This homomorphism was defined as the secondary charac-
teristic class associated with the fact that the first MMM class, which is an element of
H2(Mg;Z), vanishes inH
2(Ig;Z). It was also interpreted as a manifestation of the Cas-
son invariant λ, which is an invariant defined for homology 3-spheres, in the structure
of the Torelli group.
Remark 1.1. In a note of Johnson opened as [17], he studied the influence of the Cas-
son invariant on the structure of the Johnson kernel. It turned out that he proved a
negative answer for the case k = 3 to his question mentioned above and also obtained
a large part of those results of [20][21] concerning the above topic. Although his note
is undated, it seems highly likely that his work was done prior to the works of the
above papers. This is very surprising. On the other hand, the main result of the above
papers is not covered, which expresses the Casson invariant as the secondary invariant
associated to the fact that the first MMM class vanishes on the Torelli group.
Now let us consider the following two graded Lie algebras
Gr tg =
∞⊕
k=1
tg(k), tg(k) = (Ig(k)/Ig(k + 1))⊗Q
mg =
∞⊕
k=1
mg(k), mg(k) = (Mg(k)/Mg(k + 1))⊗Q
associated to the above two filtrations of the Torelli group. Here tg denotes the Malcev
Lie algebra of the Torelli group and Gr tg denotes its associated graded Lie algebra.
Hain [9] obtained fundamental results about the structure of these Lie algebras. He
gave an explicit finite presentation of them (see Theorem 2.1 below) which implies that
Ker(tg(2)→ mg(2)) ∼= Q. Furthermore, he proved that the natural homomorphism
(1) tg(k)→ mg(k)
is surjective for any k which implies that the index of the pair Ig(k) ⊂ Mg(k) remains
infinite for any k ≥ 4 extending the above mentioned result. He also showed that all
the higher Massey products of the Torelli group vanish for g ≥ 4.
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On the other hand, Ohtsuki [28] defined a series of invariants λk for homology 3-
spheres the first one being the Casson invariant λ. He also initiated a theory of finite
type invariants for homology 3-spheres in [29]. Then Garoufalidis and Levine [7] stud-
ied the relation between this theory and the structure of the Torelli group extending
the case of the Casson invariant mentioned above extensively.
In these situations, it would be natural to ask whether there exists any other dif-
ference between the two filtrations of the Torelli group than the Casson invariant, in
particular whether any finite type rational invariant of homology 3-spheres of degree
greater than 2 appears there or not. This is equivalent to asking whether the natural
homomorphism (1) is an isomorphism for k = 3, 4, . . . or not.
Now it was proved in [24] that tg(3) ∼= mg(3). The main theorem of the present paper
is the following.
Theorem 1.2. For any k = 4, 5, 6, we have
tg(k) ∼= mg(k).
As a corollary to the above theorem, we obtain the cases k = 5, 6, 7 of the following
result. The case k = 3 follows from Hain’s theorem (Theorem 2.1) combined with a
result of [21] and the case k = 4 follows from a result of [24] mentioned above.
Corollary 1.3. For any k = 3, 4, 5, 6, 7, the k-th group Ig(k) in the lower central series of the
Torelli group is a finite index subgroup of the kernel of the non-trivial homomorphism
d1 :Mg(k)→ Z.
Recall here that Johnson [16] proved that Ig(2) = [Ig, Ig] is a finite index subgroup
ofMg(2) = Kg.
Next we present two applications of Theorem 1.2. First, we give the explicit form of
the rational abelianization H1(Kg;Q) of the Johnson subgroup. Dimca and Papadima
[5] proved that H1(Kg;Q) is finite dimensional for g ≥ 4. Then Dimca, Hain and Pa-
padima [4] gave a description of it. However they did not give the final explicit form.
Here we compute their description by combining the case k = 4 of Theorem 1.2 and
former results concerning the Johnson homomorphisms to obtain the following result.
Theorem 1.4. The secondary class d1 together with the refinement τ˜2 of the second Johnson
homomorphism gives the following isomorphism for g ≥ 6.
H1(Kg;Q) ∼= Q⊕ [2
2]⊕ [312].
Here and henceforth, for a given Young diagram λ = [λ1 · · ·λh], we denote the irre-
ducible representation of Sp(2g,Q) corresponding to λ simply by [λ1 · · ·λh]. As for the
refinements τ˜k of Johnson homomorphisms, see Section 7 for details.
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By making use of recent remarkable results of Ershov-He [6] and Church-Ershov-
Putman [3], we obtain the following.
Corollary 1.5. (i) Two subgroups [Kg,Kg] and Ig(4) of the Torelli group Ig are commensu-
rable for g ≥ 6.
(ii) [Kg,Kg] is finitely generated for g ≥ 7.
Remark 1.6. Johnson [16] determined the abelianization H1(Ig;Z) of the Torelli group
completely where the Birman-Craggs homomorphisms introduced in [2] played an
essential role in describing its torsion part. Although some of the Birman-Craggs ho-
momorphisms restrict non-trivially on Kg, they are mod 2 reductions of integral ones
because the Casson invariant defines an integer valued homomorphism on Kg. There-
fore, no 2-torsion class inH1(Ig;Z) can be lifted toH1(Kg;Z) as a torsion class. Thus, at
present, there is no known information about the torsion part of H1(Kg;Z). It should
be an important problem to determine it.
Another application of our main theorem is the following.
Theorem 1.7. Any finite type rational invariant of homology 3-spheres of degrees 4 and 6,
including the Ohtsuki invariants λ2 and λ3, can be expressed by d1 and (lifts of) Johnson ho-
momorphisms.
In Section 7, we give more detailed statements Theorem 7.8 and Theorem 7.9.
Based on the above result, we would like to propose the following conjecture (see
Problem 6.2 of [24]).
Conjecture 1.8. For any k 6= 2, the equality tg(k) ∼= mg(k) holds so that
Ker(Gr tg ։ mg) ∼= Q.
Remark 1.9. This is equivalent to the statement that Corollary 1.3 continues to hold for
all k ≥ 3.
In the context of characteristic classes of the mapping class group, the above conjec-
ture can be translated as follows.
Conjecture 1.10 (another formulation). The Lie algebra tg is isomorphic to the com-
pletion of the central extension of mg associated to the infinitesimal first MMM class
defined in H2(mg).
Hain [9] considered the relative completion of the mapping class group with respect
to the classical homomorphismMg → Sp(2g,Z). He proved that the kernel of the nat-
ural surjective homomorphism tg → ug is isomorphic toQwhere ug denotes the graded
Lie algebra associated to the Lie algebra of his relative completion. In this terminology,
the above conjecture is also equivalent to saying that the natural homomorphism
Gr ug → mg,
which exists because of the universality of ug, is an isomorphism.
The content of the present paper is roughly as follows. In Section 2, we relate the dif-
ference between the two filtrations of the Torelli group to the second homology group
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H2(mg) of the Lie algebra mg. In Section 3, we explain the method of proving the main
Theorem 1.2. Then in Sections 4, 5 and 6, we prove the vanishing of the weight 4, 5 and
6 parts of H2(mg), respectively. Finally in Section 7, we prove the main results.
In this paper, whenever we mention groups likeMg, Ig,Mg(k), Ig(k), modules like
tg(k),mg(k) and also homomorhpsims like τg(k), which depend on the genus g, we
always assume that it is sufficiently large, more precisely in a stable range with respect
to the property we consider, unless we describe the range of g explicitly.
2. THE SECOND HOMOLOGY GROUPS OF THE LIE ALGEBRAS tg,mg
In this section, we reduce the problem of determining the kernel of the surjective
homomorphism Gr tg ։ mg to the computation of the second homology group H2(mg)
of the Lie algebra mg. Let us denote Ker(Gr tg → mg) by ig so that we have a short exact
sequence
(2) 0→ ig → Gr tg → mg → 0
of the three graded Lie algebras
ig =
∞⊕
k=1
ig(k), Gr tg =
∞⊕
k=1
tg(k), mg =
∞⊕
k=1
mg(k).
Now it is a classical result of Johnson [12][16] that tg(1) ∼= mg(1) ∼= ∧
3HQ/HQ and
hence ig(1) = 0. The module ∧
3HQ/HQ is an irreducible representation of Sp(2g,Q)
corresponding to the Young diagram [13].
Hain proved the following fundamental result.
Theorem 2.1 (Hain [9]). The Lie algebra tg (g ≥ 6) is isomorphic to its associated graded
Gr tg which has presentation
Gr tg = L([1
3])/〈[16] + [14] + [12] + [2212]〉
where L([13]) denotes the free Lie algebra generated by [13] and 〈[16] + [14] + [12] + [2212]〉 is
the ideal generated by
[16] + [14] + [12] + [2212] ⊂ ∧2[13].
Here we recall a few facts about the homology of graded Lie algebras briefly. Let us
consider a graded Lie algebra
g =
∞⊕
k=1
g(k)
satisfying the condition that H1(g) ∼= g(1). Namely, we assume that g is generated by
the degree 1 part g(1) as a Lie algebra. Both the Lie algebras tg,mg satisfy this condition.
The homology group of a graded Lie algebra is bigraded, where the first grading is
the usual homology degree while the second grading is induced from the grading of
the graded Lie algebra. We call the latter grading by weight, denoted simply by the
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subscript w. In particular, the second homology group has the following direct sum
decomposition.
H2(g) =
∞⊕
w=2
H2(g)w
where
(3) H2(g)w =
Ker (∂ : (∧2g)w ։ g(w))
Im (∂ : (∧3g)w → (∧2g)w)
.
In this terminology, the following is an immediate consequence of Theorem 2.1.
Corollary 2.2. H2(Gr tg)2 ∼= [1
6] + [14] + [12] + [2212] and for any w ≥ 3, H2(Gr tg)w = 0.
Now we consider the short exact sequence (2).
Proposition 2.3. The following short exact sequence
0→ H2(Gr tg)2 → H2(mg)2 → (H1(ig)mg)2
∼= Q→ 0
holds and for any w ≥ 3
H2(mg)w ∼= (H1(ig)mg)w.
Proof. The 5-term exact sequence of the Lie algebra extension (2) is given by
H2(Gr tg)
Cor. 2.2
= H2(Gr tg)2 → H2(mg)→ H1(ig)mg → H1(Gr tg)
∼=
→ H1(mg).
The result follows from this. 
Corollary 2.4.
H2(mg)3 = 0, ig(4) ∼= H2(mg)4
and for any w ≥ 4, we have the following exact sequence.
0→
w−1∑
k=3
[ig(k), tg(w − k)]→ ig(w)→ H2(mg)w → 0.
Proof. It was shown in [24] (see also a related result of [31]) that tg(3) ∼= mg(3) and hence
ig(3) = 0. It follows that H2(mg)3 ∼= (H1(ig)mg)3 = 0. As for the case w = 4, we have
H2(mg)4 ∼= (H1(ig)mg)4 = ig(4)
because ig(2) ∼= Q is contained in the center of tg. Finally, for any w ≥ 4, we have
H2(mg)w ∼= (H1(ig)mg)w
∼= ig(w)/
w−1∑
k=3
[ig(k), tg(w − k)].
This completes the proof. 
In general, we have the following
Proposition 2.5. Assume ig(k) = 0 for k = 3, 4, . . . , w − 1 (w ≥ 4). Then we have
ig(w) ∼= H2(mg)w
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Proof. This is an immediate consequence of Corollary 2.4. 
3. METHOD OF PROVING THEOREM 1.2
To prove Theorem 1.2, it is enough to show that
H2(mg)w = 0 (w = 4, 5, 6)
by Proposition 2.5. We prove this in Sections 4, 5, 6. To do so, for technical reasons
regarding computer computations, we consider the following variants of our Lie alge-
bra.
LetMg,1 be the mapping class group of a genus g compact oriented surface with one
boundary component and let Ig,1 be its Torelli subgroup. Then we have the Johnson
filtration {Mg,1(k)}k for the former and the lower central series {Ig,1(k)}k for the latter.
We set
Gr tg,1 =
∞⊕
k=1
tg,1(k), tg,1(k) = (Ig,1(k)/Ig,1(k + 1))⊗Q
mg,1 =
∞⊕
k=1
mg,1(k), mg,1(k) = (Mg,1(k)/Mg,1(k + 1))⊗Q
where tg,1 denotes the Malcev Lie algebra of Ig,1. Define ig,1 = Ker(Gr tg,1 ։ mg,1) so
that we have a short exact sequence
(4) 0→ ig,1 → Gr tg,1 → mg,1 → 0
of graded Lie algebras, where the surjectivity of the natural homomorphism Gr tg,1 →
mg,1 is again due to Hain.
Proposition 3.1. The natural homomorphism ig,1 → ig is an isomorphism so that ig,1(k) ∼=
ig(k) for any k.
Proof. Recall that the kernel of the natural surjection Ig,1 → Ig is known to be isomor-
phic to π1T1Σg where T1Σg denotes the unit tangent bundle of Σg. Thus we have a
short exact sequence 1 → π1T1Σg → Ig,1 → Ig → 1. Let pg,1 be the Malcev Lie algebra
of π1T1Σg which is a central extension of the Malcev Lie algebra pg of π1Σg. Hain [9]
showed that this induces a short exact sequence 0 → pg,1 → tg,1 → tg → 0 which in
turn induces a short exact sequence of their associated graded Lie algebras as depicted
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in (5).
(5)
0 0y
y
ig,1
∼=
−−−→ igy
y
0 −−−→ Gr pg,1 −−−→ Gr tg,1 −−−→ Gr tg −−−→ 0∥∥∥
y
y
0 −−−→ Gr pg,1 −−−→ mg,1 −−−→ mg −−−→ 0y
y
0 0
On the other hand, a result of Asada and Kaneko (and Labute) in [1] implies that the
kernel of the natural surjection mg,1 → mg is isomorphic to Gr pg,1 (see [24][26] for de-
tails). Thus the two rows as well as the two columns of the commutative diagram (5)
are all short exact sequences. Then it is easy to see from this fact that the homomor-
phism ig,1 → ig is an isomorphism. This completes the proof. 
Now we consider the short exact sequence (4).
Proposition 3.2. For any w ≥ 3,
H2(mg,1)w ∼= (H1(ig,1)mg,1)w.
Proof. In [9, Corollary 7.8], Hain showed that Gr tg,1 is quadratically presented. This
implies that H2(Gr tg,1) ∼= H2(Gr tg,1)2. Then the 5-term exact sequence of the Lie alge-
bra extension (4) is given by
H2(Gr tg,1) = H2(Gr tg,1)2 → H2(mg,1)→ H1(ig,1)mg,1 → H1(Gr tg,1)
∼=
→ H1(mg,1).
The result follows from this. 
Proposition 3.3. The natural homomorphism
H2(mg,1)w → H2(mg)w
is an isomorphism for all w ≥ 3.
Proof. By Proposition 3.2 and Proposition 2.3, the natural homomorphismH2(mg,1)w →
H2(mg)w can be identified with the natural homomorphism
(H1(ig,1)mg,1)w → (H1(ig)mg)w
for any w ≥ 3. Then it is easy to see that this is an isomorphism by Proposition 3.1. 
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As mentioned in the beginning of this section, to prove Theorem 1.2, it is enough to
show that H2(mg)w = 0 (w = 4, 5, 6). By the above Proposition 3.3, this is equivalent to
showing that
H2(mg,1)w = 0 (w = 4, 5, 6).
We consider this case of one boundary component which is best suited for our com-
puter computation because of the following reason. By virtue of the Johnson homo-
morphisms (see [12][13][23]), the Lie algebra mg,1 can be embedded into the Lie alge-
bra hg,1 consisting of all the symplectic derivations of the free Lie algebra generated by
HQ = H1(Σg,Q) as a Lie subalgebra. More precisely, we have an embedding
τg,1 =
∞⊕
k=1
τg,1(k) : mg,1 =
∞⊕
k=1
mg,1(k)→ hg,1 =
∞⊕
k=1
hg,1(k) ⊂
∞⊕
k=1
H
⊗(k+2)
Q .
Thus each graded piece mg,1(k) can be identified with Im τg,1(k), which is a submod-
ule of H
⊗(k+2)
Q , so that we can make explicit computer computations on this space of
tensors.
4. PROOF OF H2(mg)4 = 0
In this section, we prove the following.
Proposition 4.1. H2(mg)4 ∼= H2(mg,1)4 = 0.
It is sufficient to show that H2(mg,1)4 = 0, by Proposition 3.3. By equality (3), we
have
H2(mg,1)4 =
Ker ((mg,1(1)⊗mg,1(3))⊕ ∧
2mg,1(2)։ mg,1(4))
Im (∧2mg,1(1)⊗mg,1(2)→ (mg,1(1)⊗mg,1(3))⊕ ∧2mg,1(2))
.
Here the boundary operator
∂ : ∧2mg,1(1)⊗mg,1(2)→ (mg,1(1)⊗mg,1(3))⊕ ∧
2mg,1(2)
is given by
∧2 mg,1(1)⊗mg,1(2) ∋ (u ∧ v)⊗ w 7−→
(u⊗ [v, w]− v ⊗ [u, w],−[u, v] ∧ w) ∈ (mg,1(1)⊗mg,1(3))⊕ ∧
2mg,1(2).
In our paper [26], we gave the irreducible decompositions of mg,1(k) ∼= Im τg,1(k) for
all k ≤ 6 as shown in Table 1.
By using this and applying our techniques described in [25], we determine the space
Z2(4) = Ker
(
(mg,1(1)⊗mg,1(3))⊕ ∧
2mg,1(2)։ mg,1(4)
)
of 2-cycles for the weight 4 homology group H2(mg,1)4 as shown in Table 2. Thus we
can write
H2(mg,1)4 ∼= Coker
(
∧2mg,1(1)⊗mg,1(2)
∂
→ Z2(4)
)
.
Now we show that the cokernel is trivial for each irreducible component. As an ex-
ample, we pick up [212]. The multiplicity of [212] in Z2(4) is 7, which is the biggest (see
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TABLE 1. List of mg,1(k)
k mg,1(k)
1 [13] [1]
2 [22] [12] [0]
3 [312] [21]
4 [42][313][23] 2[31][212] 2[2]
5 [512][421][321][3212][2213] 2[41]2[32]2[312]2[221]2[213] [3]3[21]2[13] [1]
6 [62][521][513][42][431]2[422][4212][414]2[3212][3221][3213][24]][2214]
3[51]3[42]4[412]3[32]7[321]3[313][23]5[2212]2[214][16]
4[4]6[31]9[22]6[212]4[14] 3[2]6[12] 2[0]
TABLE 2. Sp-irreducible decomposition of Z2(4)
Z2(4) [431][42
2][4212][414]2[3221][3213][315]
[42]2[412][32]6[321]4[313][23]3[2212]2[214]
[4]5[31]5[22]7[212][14] 3[2]4[12]
mg,1(1)⊗mg,1(3) [42
2][4212][414][3221][3213][315]
[42]2[412]4[321]4[313][23]2[2212]2[214]
[4]5[31]3[22]5[212][14] 3[2]2[12]
∧2mg,1(2) [431][32
21] [42][32]2[321][313][23][2212] 2[31]2[22]3[212] 2[2]2[12]
mg,1(4) [42][31
3][23] 2[31][212] 2[2]
Table 2). We have checked that all of these [212] components are hit by the boundary
operator
∂ : ∧2mg,1(1)⊗mg,1(2)→ Z2(4) ⊂ (mg,1(1)⊗mg,1(3))⊕ ∧
2mg,1(2)
as follows. First, mg,1(1) ⊗ mg,1(3) and ∧
2mg,1(2) are regarded as subspaces of H
⊗8
Q via
the natural embeddings
mg,1(1)⊗mg,1(3) ⊂ hg,1(1)⊗ hg,1(3) ⊂ H
⊗3
Q ⊗H
⊗5
Q ⊂ H
⊗8
Q ,
∧2mg,1(2) ⊂ ∧
2hg,1(2) ⊂ ∧
2H⊗4Q ⊂ H
⊗8
Q .
Then we constructed 7 Sp-projections Di : H
⊗8
Q → [21
2] (i = 1, . . . , 7) which detect the
7 copies of [212] in Z2(4). Here we denote by µ(i1,j1)···(ik ,jk) and p(i1,...,ik)···(j1,...,jl) multiple
contractions and projections respectively:
µ(i1,j1)···(ik,jk) : H
⊗n
Q → H
⊗(n−2k)
Q , p(i1,...,ik)···(j1,...,jl) : H
⊗n
Q → ∧
kHQ ⊗ · · · ⊗ ∧
lHQ.
For example,
µ(13)(25)(x1 ⊗ x2 ⊗ x3 ⊗ x4 ⊗ x5 ⊗ x6) = µ(x1, x3)µ(x2, x5)x4 ⊗ x6,
p(124)(35)(6)(x1 ⊗ x2 ⊗ x3 ⊗ x4 ⊗ x5 ⊗ x6) = (x1 ∧ x2 ∧ x4)⊗ (x3 ∧ x5)⊗ x6,
where µ : HQ ⊗ HQ → Q is a natural non-degenerate antisymmetric bilinear form. It
is known that any subrepresentation of H⊗nQ can be detected by a combination of these
multiple contractions and projections. Such Sp-projections are called detectors. The
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following are detectors for this case [212]:
p(123)(4) ◦ µ(12)(34) ◦ Φ1, p(123)(4) ◦ µ(12)(45) ◦ Φ1, p(123)(4) ◦ µ(14)(25) ◦ Φ1,
p(123)(4) ◦ µ(14)(56) ◦ Φ1, p(124)(3) ◦ µ(14)(56) ◦ Φ1,
p(123)(4) ◦ µ(12)(35) ◦ Φ2, p(123)(4) ◦ µ(12)(56) ◦ Φ2,
by using projections
Φ1 : mg,1(1)⊗mg,1(3)⊕ ∧
2mg,1(2)
pr1
−−→ mg,1(1)⊗mg,1(3) ⊂ H
⊗8
Q ,
Φ2 : mg,1(1)⊗mg,1(3)⊕ ∧
2mg,1(2)
pr2
−−→ ∧2mg,1(2) ⊂ H
⊗8
Q .
where pri : A1 ⊕ A2 → Ai is the projection to the ith component. Next, we take
the following 7 elements vj of ∧
2mg,1(1) ⊗ mg,1(2). In general, mg,1(k) is contained in
hg,1(k) (⊂ H
⊗(k+2)
Q ). Furthermore, any element of hg,1(k) can be expressed by using a
Lie spider with (k + 2) legs
S(u1, u2, u3, . . . , uk+2) =
u1 ⊗ [u2, [u3, [· · · [uk+1, uk+2] · · · ]]] + u2 ⊗ [[u3, [u4, [· · · [uk+1, uk+2] · · · ]]], u1]
+ u3 ⊗ [[u4, [u5, [· · · [uk+1, uk+2] · · · ]]], [u1, u2]] + · · ·+ uk+2 ⊗ [[[· · · [u1, u2], · · · ], uk], uk+1],
where ui ∈ HQ. We fix a symplectic basis {a1, b1, . . . , ag, bg} of HQ with respect to µ so
that
µ(ai, aj) = µ(bi, bj) = 0, µ(ai, bj) = δi,j.
Then we write vj ∈ ∧
2mg,1(1)⊗mg,1(2) as Lie spiders
v1 = S(a1, a2, a4) ∧ S(a1, b4, a5)⊗ S(a3, b5, a6, b6),
v2 = S(a1, a2, a4) ∧ S(a1, a5, b5)⊗ S(a3, b4, a6, b6),
v3 = S(a1, a2, a4) ∧ S(a1, a5, a6)⊗ S(a3, b4, b5, b6),
v4 = S(a1, a2, a4) ∧ S(a3, b4, a5)⊗ S(a1, b5, a6, b6),
v5 = S(a1, a2, a4) ∧ S(b4, a5, b5)⊗ S(a1, a3, a6, b6),
v6 = S(a1, a2, a4) ∧ S(b4, a5, a6)⊗ S(a1, a3, b5, b6),
v7 = S(a1, a2, a4) ∧ S(a5, b5, a6)⊗ S(a1, a3, b4, b6).
Finally, we computed the boundary operator ∂ on these vectors vj and applied the 7
detectors Di. Then we checked that the rank of the matrix Di(∂(vj)) is 7. This means
that ∂(vj)’s generate the space of the highest weight vectors corresponding to 7[21
2] in
Z2(4). This is the process of proving that the [21
2] component of H2(mg,1)4 vanishes.
In this way, we checked that all the Sp-irreducible components of Z2(4) are bound-
aries. This finishes the proof of H2(mg,1)4 = 0 and hence H2(mg)4 = 0.
Remark 4.2. All the other data are shown in the web [27].
5. PROOF OF H2(mg)5 = 0
In this section, we prove the following.
Proposition 5.1. H2(mg)5 ∼= H2(mg,1)5 = 0.
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By equality (3), we have
H2(mg,1)5 =
Z2(5)
B2(5)
where
Z2(5) = Ker ((mg,1(1)⊗mg,1(4))⊕ (mg,1(2)⊗mg,1(3))։ mg,1(5))
and
B2(5) = Im(∧
2mg,1(1)⊗mg,1(3))⊕ (mg,1(1)⊗ ∧
2mg,1(2))
∂
→ (mg,1(1)⊗mg,1(4))⊕ (mg,1(2)⊗mg,1(3))).
Here the boundary operator
∂ : (∧2mg,1(1)⊗mg,1(3))⊕ (mg,1(1)⊗ ∧
2mg,1(2))
→ (mg,1(1)⊗mg,1(4))⊕ (mg,1(2)⊗mg,1(3))
(6)
is given by
∧2 mg,1(1)⊗mg,1(3) ∋ (u ∧ v)⊗ w 7−→
(u⊗ [v, w]− v ⊗ [u, w],−[u, v]⊗ w) ∈ (mg,1(1)⊗mg,1(4))⊕ (mg,1(2)⊗mg,1(3))
mg,1(1)⊗ ∧
2mg,1(2) ∋ u⊗ (v ∧ w) 7−→
(u⊗ [v, w],−v ⊗ [u, w] + w ⊗ [u, v]) ∈ (mg,1(1)⊗mg,1(4))⊕ (mg,1(2)⊗mg,1(3)).
We can write
H2(mg,1)5 ∼= Coker
(
(∧2mg,1(1)⊗mg,1(3))⊕ (mg,1(1)⊗ ∧
2mg,1(2))
∂
→ Z2(5)
)
.
As in the preceding section, by using Table 1 and applying our techniques described in
[25], we have determined the space Z2(5) of 2-cycles for the weight 5 homology group
H2(mg,1)5, see Table 3. Moreover, we have computed the boundary operator (6) explic-
TABLE 3. Sp-irreducible decomposition of Z2(5)
Z2(5) 2[531]2[521
2][432]2[4312]2[4221]3[4213][415]2[33]2[3221][323]
3[32212][3214][316][2313] 3[52][512]4[43]10[421]8[413]4[321]8[322]
12[3212]8[314]6[231]3[2213]2[215] 9[41]12[32]23[312]12[221]13[213]
11[3]17[21]6[13] 4[1]
mg,1(1)⊗mg,1(4) [531][521
2][4312][4221]2[4213][415][33][3221][323]2[32212][3214][316][2313]
2[52][512]2[43]6[421]5[413]2[321]4[322]8[3212]6[314]4[231]3[2213]2[215]
7[41]8[32]15[312]8[221]10[213] 8[3]12[21]5[13] 3[1]
mg,1(2)⊗mg,1(3) [531][521
2][432][4312][4221][4213][33][3221][32212]
[52][512]2[43]6[421]3[413]3[321]4[322]5[3212]2[314]2[231][2213]
4[41]6[32]10[312]6[221]5[213] 4[3]8[21]3[13] 2[1]
mg,1(5) [51
2][421][321][3212][2213] 2[41]2[32]2[312]2[221]2[213] [3]3[21]2[13] [1]
itly and checked that all the 2-cycles (35-types of Young diagrams with multiplicities)
are boundaries. This finishes the proof of H2(mg,1)5 = 0 and hence H2(mg)5 = 0.
TORELLI GROUP, JOHNSON KERNEL AND INVARIANTS OF HOMOLOGY SPHERES 13
6. PROOF OF H2(mg)6 = 0
In this section, we prove the following.
Proposition 6.1. H2(mg)6 ∼= H2(mg,1)6 = 0.
By equality (3), we have
H2(mg,1)6 =
Z2(6)
B2(6)
where
Z2(6) = Ker
(
(mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3)→ mg,1(6)
)
and
B2(6) = Im((∧
2mg,1(1)⊗mg,1(4))⊕ (mg,1(1)⊗mg,1(2)⊗mg,1(3))⊕ ∧
3mg,1(2))
∂
→ (mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3)).
Here the boundary operator
∂ : (∧2mg,1(1)⊗mg,1(4))⊕ (mg,1(1)⊗mg,1(2)⊗mg,1(3))⊕ ∧
3mg,1(2))
→ (mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3)
(7)
is given by
∧2 mg,1(1)⊗mg,1(4) ∋ (u ∧ v)⊗ w 7−→
(u⊗ [v, w]− v ⊗ [u, w],−[u, v]⊗ w, 0) ∈ (mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3)
(mg,1(1)⊗mg,1(2)⊗mg,1(3)) ∋ u⊗ v ⊗ w 7−→
(u⊗ [v, w],−v ⊗ [u, w],−[u, v] ∧ w) ∈ (mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3)
∧3 mg,1(2) ∋ u ∧ v ∧ w 7−→
(0, u⊗ [v, w] + v ⊗ [w, u] + w ⊗ [u, v], 0) ∈ (mg,1(1)⊗mg,1(5))⊕ (mg,1(2)⊗mg,1(4))⊕ ∧
2mg,1(3).
Thus we can write
H2(mg,1)6 ∼= Coker(
(∧2mg,1(1)⊗mg,1(4))⊕ (mg,1(1)⊗mg,1(2)⊗mg,1(3))⊕ ∧
3mg,1(2))
∂
→ Z2(6)
)
.
As in the preceding two sections, by using Table 1 and applying our techniques de-
scribed in [25], we can determine the space Z2(6) of 2-cycles for the weight 6 homology
group H2(mg,1)6 as in Table 4.
We have computed the boundary operator (7) explicitly and checked that all the 2-
cycles (67-types of Young diagrams with multiplicities) are boundaries. In this way, we
checked that all the Sp-irreducible components of Z2(6) are boundaries. This finishes
the proof of H2(mg,1)6 = 0 and hence H2(mg)6 = 0.
Remark 6.2. The size of our computer computation grows very rapidly with respect
to weights and, in particular, the weight 6 case is approximately 1000 times as large as
the weight 4 case.
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TABLE 4. Sp-irreducible decomposition of Z2(6)
Z2(6) [64][631]2[62
2]2[6212][614][541]3[532]3[5312]4[5221]4[5213]2[515]3[422]
5[4313]2[4212]7[4321]3[423]4[42212]3[4214][331]2[3222]5[32212]4[3214]
3[3231]3[32213]2[3215]2[25][2412][2314][2216] 2[62]3[612]6[53]17[521]
10[513]2[42]20[431]16[422]29[4212]12[414]14[322]19[3212]25[3221]25[3213]
8[315]5[24]12[2312]9[2214]3[216] 2[6]13[51]34[42]35[412]17[32]63[321]42[313]
25[23]40[2212]25[214]5[16] 13[4]52[31]33[22]56[212]18[14] 26[2]21[12] 3[0]
mg,1(1)⊗mg,1(5) [62
2][6212][614][532][5312]2[5221]2[5213][515][422][4212]3[4321]3[4313]
[423]2[42212]2[4214][3222]3[32212]3[3214]2[3231]2[32213]2[3215][25]
[2412][2314][2216] [62]2[612][53]8[521]6[513][42]9[431]8[422]15[4212]
7[414]6[322]12[3212]13[3221]17[3213]6[315]4[24]8[2312]8[2214]3[216]
[6]8[51]16[42]19[412]10[32]36[321]25[313]13[23]28[2212]
19[214]5[16] 8[4]28[31]23[22]35[212]15[14] 14[2]16[12] 3[0]
mg,1(2)⊗mg,1(4) [64][631][62
2][541][532]2[5312][5221][5213]2[422]3[4321][4313]2[423]
[42212][4214][331]2[32212][32213][2214][25] [62][612]5[53]7[521]2[513][42]
9[431]6[422]11[4212]3[414]7[322]5[3212][3231]10[3221]6[3213]2[315][24]
4[2312] [6]5[51]18[42]13[412]5[32]25[321]16[313]12[23]10[2212]6[214]
5[4]25[31]11[22]22[212]3[14] 14[2]6[12]
∧2mg,1(3) [621
2][532][5221][5213][515][4212][4321][4313][42212][3222][3214]
[62]3[521]3[513][42]3[431]4[422]4[4212]3[414][322]4[3212]3[3221]3[3213][24][2214]
3[51]3[42]7[412]5[32]9[321]4[313][23]7[2212]2[214][16]
4[4]5[31]8[22]5[212]4[14] [2]5[12] 2[0]
mg,1(6) [62][521][51
3][431][42]2[422][4212][414]2[3212][3221][3213][24]
3[51]3[42]4[412]3[32]7[321]3[313][23][2214]5[2212]2[214][16]
4[4]6[31]9[22]6[212]4[14] 3[2]6[12] 2[0]
7. PROOFS OF THE MAIN RESULTS
Proof of Theorem 1.2. By Corollary 2.4, we have ig(4) ∼= H2(mg)4. On the other hand, we
haveH2(mg)4 = 0 by Proposition 4.1. Hence, we conclude that ig(4) = 0, namely tg(4) ∼=
mg(4). Then, if we combine Proposition 2.5 with Proposition 5.1 and Proposition 6.1,
we conclude that ig(5) = ig(6) = 0 so that tg(5) ∼= mg(5) and tg(6) ∼= mg(6). This finishes
the proof. 
Proof of Corollary 1.3. Observe first that, for any k, ℓ with 1 ≤ k ≤ ℓ, the quotient group
Mg(k)/Ig(ℓ) is a finitely generated nilpotent group because it is a subgroup of Ig/Ig(ℓ)
which is finitely generated by Johnson [14] and nilpotent. Hence we can consider the
rational form (Mg(k)/Ig(ℓ))⊗Q ofMg(k)/Ig(ℓ).
Now the case k = 3 is a direct consequence of Theorem 2.1 combined with a result in
[21] because of the following reason. Since Ig(2) is a finite index subgroup ofMg(2) =
Kg by Johnson, we have a short exact sequence
0→ (Mg(3)/Ig(3))⊗Q→ (Ig(2)/Ig(3))⊗Q→ (Mg(2)/Mg(3))⊗Q→ 0.
Here (Ig(2)/Ig(3))⊗ Q = tg(2) and (Mg(2)/Mg(3))⊗ Q = mg(2) by definition. Hence
we conclude (Mg(3)/Ig(3)) ⊗ Q ∼= ig(2) ∼= Q. The result follows from this because we
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know that the homomorphism d1 : Mg(3) → Q is non-trivial whereas its restriction to
Ig(3) is trivial as shown in [21].
Next, we consider the cases k ≥ 4. We recall here how the non-triviality of the homo-
morphism d1 : Mg(k) → Q for all k ≥ 4 follows immediately from Hain’s result that
the homomorphism tg(k)→ mg(k) is surjective for any k. Assume that d1 :Mg(k)→ Q
were trivial for some k ≥ 4 and let m be the smallest such. Then consider the homo-
morphism
(8) tg(m− 1) = (Ig(m− 1)/Ig(m))⊗Q→ mg(m− 1) = (Mg(m− 1)/Mg(m))⊗Q.
By the assumption, the non-trivial homomorphism d1 :Mg(m−1)→ Q factors through
d1 :Mg(m− 1)/Mg(m)→ Q. On the other hand, we know that the restriction of d1 on
Ig(k) is trivial for all k ≥ 3. We now conclude that the above homomorphism (8) is not
surjective which is a contradiction.
Now the case k = 4 follows from the fact tg(3) ∼= mg(3) proved in [24] as follows. We
have the following two exact sequences.
0→ tg(3) = (Ig(3)/Ig(4))⊗Q→ (Mg(3)/Ig(4))⊗Q→ (Mg(3)/Ig(3))⊗Q→ 0,
0→ (Mg(4)/Ig(4))⊗Q→ (Mg(3)/Ig(4))⊗Q→ mg(3) = (Mg(3)/Mg(4))⊗Q→ 0.
By the case k = 3 above, we have (Mg(3)/Ig(3)) ⊗ Q ∼= Q. If we put this to the first
exact sequence, we obtain
rank (Mg(3)/Ig(4))⊗Q = dim tg(3) + 1.
Here rank (Mg(3)/Ig(4))⊗Qmeans the rank of the nilpotent group (Mg(3)/Ig(4))⊗Q
over Q. On the other hand, from the second exact sequence, we have
rank (Mg(3)/Ig(4))⊗Q = dimmg(3) + rank (Mg(4)/Ig(4))⊗Q.
Since tg(3) ∼= mg(3), we conclude that
rank (Mg(4)/Ig(4))⊗Q = 1
finishing the proof of the case k = 4.
The remaining cases k = 5, 6, 7 follow from similar arguments as above by using
Theorem 1.2. 
Next we prove Theorem 1.4, Corollary 1.5, Theorem 1.7 and its refinements. For
that, we recall a few facts about the relation between the Torelli group and homology
spheres. Let S1 ×D2 denote a framed solid torus and let Hg = ♮
g(S1 ×D2) (boundary
connected sum of g-copies of S1 × D2) denote a handlebody of genus g. We identify
∂Hg with Σg equipped with a system of g meridians and longitudes. Let ιg ∈ Mg be
the mapping class which exchanges each meridian and longitude curves so that the
manifoldHg∪ιg −Hg obtained by identifying the boundaries ofHg and−Hg by ιg is S
3.
Now for each element ϕ ∈ Ig, we consider the manifoldMϕ = Hg ∪ιgϕ −Hg which is a
homology 3-sphere. It was shown in [21] that any homology sphere can be expressed
asMϕ for some ϕ ∈ Kg = Mg(2) and Pitsch [30] further proved that ϕ can be taken in
Mg(3).
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Now we recall the relation between the Casson invariant λ and the structure of the
Torelli group as revealed in [21] briefly (see [22] for further results). We defined λ∗ :
Kg → Z by setting λ
∗(ϕ) = λ(Mϕ) (ϕ ∈ Kg) and then proved that it is a homomorphism.
On the other hand, we have the following two abelian quotients of the group Kg
τg(2) : Kg → hg(2)
d1 : Kg → Z
where the first one is the second Johnson homomorphism and the second one is con-
structed in the above cited paper. Then we have the following.
Theorem 7.1 ([21]). The homomorphism λ∗ : Kg → Z is expressed as
λ∗ =
1
24
d1 + τ¯g(2)
where τ¯g(2) denotes a certain quotient of the second Johnson homomorphism. Furthermore, the
restriction of λ∗ to the subgroupMg(3) ⊂ Kg is given by
λ∗ =
1
24
d1 :Mg(3)→ Z.
Ohtsuki initiated a theory of finite type invariants for homology 3-spheres in [29] and
in [28] he constructed a series of such invariants λk (k = 1, 2, . . .) the first one being (6
times) the Casson invariant. They are now called the Ohtsuki invariants. Garoufalidis
and Levine [7] studied the relation between the finite type invariants of homology
spheres and the structure of the Torelli group, particularly its lower central series. This
work extended the case of the Casson invariant mentioned above extensively.
Now, let v be a rational invariant of homology spheres of finite type k. Then we
define a mapping
v∗ : Ig → Q
by setting v∗(ϕ) = v(Mϕ). By a result of Garoufalidis and Levine [7], it vanishes on
Ig(k + 1). On the other hand, the following result is known.
Proposition 7.2 (Levine [18, Lemma 5.5]). Let v be an invariant of homology spheres of
finite type k. Then for any ϕ ∈ Ig(k1), ψ ∈ Ig(k2) with k1 + k2 > k, the equality
v(Mϕψ) = v(Mϕ) + v(Mψ)
holds.
As a direct corollary, we obtain the following.
Corollary 7.3. Let v be a rational invariant of homology spheres of finite type k. Then the
mapping
v∗ : Ig/Ig(k + 1)→ Q
is induced and its restriction to Ig(m)/Ig(k + 1)
v∗ : Ig(m)/Ig(k + 1)→ Q
is a homomorphism if 2m > k.
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Since the Ohtsuki invariant λk is of finite type 2k, it induces a homomorphism
λ∗k : Ig(k + 1)/Ig(2k + 1)→ Q.
Remark 7.4. If we put k = 1 here, then we obtain that
λ∗ : Ig(2)/Ig(3)→ Q
is a homomorphism. However, this follows from a fact already proved in [21] because
Ig(2) is a finite index subgroup of Kg by Johnson as mentioned above.
In view of Corollary 7.3, it should be meaningful to consider abelian quotients of the
group Ig(k). Here we recall known abelian quotients of a larger groupMg(k) ⊃ Ig(k).
First, we have the k-th Johnson homomorphism
τg(k) :Mg(k)→ hg(k)
and secondly we have its lift
(9) τ˜g(k) :Mg(k)→
2k−1⊕
i=k
hg(i)
defined as follows. In [23], a homomorphism
τ˜g,1(k) :Mg,1(k)→ H3(Nk(π1Σ
0
g)) (Σ
0
g = Σg \ IntD
2)
was defined which is a refinement of τg,1(k). Heap [10] studied this homomorphism
by giving a geometric construction of it and, in particular, proved that Ker τ˜g,1(k) =
Mg,1(2k). Comparing his result with the description of H3(Nk(π1Σ
0
g)) by Igusa-Orr
[11], we have an embedding
τ˜g,1(k) :Mg,1(k)/Mg,1(2k) →֒
2k−1⊕
i=k
hg,1(i),
though the direct sum decomposition is not canonical except for the lowest part i = k.
Massuyeau [19] (see also Habiro-Massuyeau [8]) further studied this homomorphism
by an infinitesimal approach. The above homomorphism (9) is obtained from this by
passing fromMg,1, hg,1 toMg, hg along the lines described in [24][26]. Here, if we add
the homomorphism d1 and modding out the smaller subgroup Ig(2k) ⊂ Mg(2k), then
we obtain a homomorphism
(10) (d1, τ˜g(k)) :Mg(k)/Ig(2k)→ Z⊕
2k−1⊕
i=k
hg(i) (k ≥ 2)
which is conjecturally an embedding modulo torsion elements (see Remark 1.9). As
far as the authors understand, this homomorphism (d1, τ˜g(k)) gives the known largest
free abelian quotient of the group Mg(k) for k ≥ 2. The case k = 2 gives an abelian
quotient
(d1, τ˜g(2)) :Mg(2) = Kg → Z⊕ hg(2)⊕ hg(3) = Z⊕ [2
2]⊕ [312]
which is rationally surjective.
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Before considering the cases of k = 3, 4, here we prove Theorem 1.4 which is equiv-
alent to the statement that the above homomorphism gives the whole rational abelian-
ization of Kg.
Proof of Theorem 1.4. Dimca, Hain and Papadima [4, Theorem C] proved that there ex-
ists an isomorphim
H1(Kg;Q) ∼= H1([Gr tg,Gr tg]).
Since the projection to the degree 1 part Gr tg → tg(1) = [1
3] gives the abelianization of
Gr tg, we have
[Gr tg,Gr tg] =
∞⊕
k=2
tg(k).
Hence we can write
H1([Gr tg,Gr tg]) =
∞⊕
k=2
H1([Gr tg,Gr tg])k.
The results of [9] and [24] imply that
H1([Gr tg,Gr tg])2 = tg(2) ∼= Q⊕ [2
2]
H1([Gr tg,Gr tg])3 = tg(3) ∼= mg(3) ∼= [31
2].
By the definition of the first homology group of Lie algebras, we can write
H1([Gr tg,Gr tg])4 = Coker
(
∧2tg(2)
[ , ]
→ tg(4)
)
.
On the other hand, it was proved in [32] that the homomorphism
[ , ] : ∧2mg(2)→ mg(4)
is surjective. Here we use the case k = 4 of Theorem 1.2, namely the fact that tg(4) ∼=
mg(4). This is the key point of our proof of Theorem 1.4. Then we conclude that the
homomorphism [ , ] : ∧2tg(2)→ tg(4) is also surjective. It follows that
H1([Gr tg,Gr tg])4 = 0.
To finish the proof, it remains to prove that
H1([Gr tg,Gr tg])k = 0
for all k ≥ 5. In other words, we have to prove that the homomorphism
(11)
⊕
i+j=k,i,j>1
tg(i)⊗ tg(j)→ tg(k)
induced by the bracket operation is surjective. Note that the above homomorphism
(11) is surjective for k = 4 as already mentioned above. We use induction on k ≥ 4.
Assuming that (11) is surjective for k, we prove the surjectivity for k + 1. Since the
Torelli Lie algebra is generated by its degree 1 part tg(1), if we delete the condition
i, j > 1 on the left hand side of (11), then this map is surjective. Hence it is enough to
show that any element of the form
[α, ξ] ∈ tg(k + 1) (α ∈ tg(1), ξ ∈ tg(k))
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is contained in the image of (11). By the induction assumption, we can write
ξ =
∑
s
[βs, γs] (βs ∈ tg(ks), γs ∈ tg(k − ks), 2 ≤ ks ≤ k − 2).
Then, by the Jacobi identity, we have
[α, ξ] =
∑
s
[α, [βs, γs]]
= −
∑
s
([βs, [γs, α]] + [γs, [α, βs]]) .
This element is clearly contained in the image of (11) proving that it is surjective for
k + 1. This completes the proof. 
Remark 7.5. Here wemention the relation between our computation and the statement
H1(Kg;Q) ∼= Q⊕
∞⊕
k=0
Coker qk
qk : Sym
k−1[13]⊗ ∧3[13]→ Symk[13]⊗ [22]
given by Dimca, Hain and Papadima [4, Theorem B]. The homomorphism qk is defined
by
qk(f ⊗ (a ∧ b ∧ c)) = fa⊗ π(b ∧ c) + fb⊗ π(c ∧ a) + fc⊗ π(a ∧ b)
where f ∈ Symk−1[13], a, b, c ∈ [13] and π : ∧2[13] ∼= ∧2hg(1) → [2
2] ∼= hg(2) denotes the
bracket operation.
Now the factor Q is detected by d1 and Coker q0 = [2
2] is detected by the second
Johnson homomorphism τg(2). These two summands correspond to tg(2) = Q ⊕ [2
2]
determined by Hain [9]. The homomorphism q1 : ∧
3[13] → [13] ⊗ [22] appeared al-
ready in [24] (Proposition 6.3) and it was proved that Coker q1 = tg(3) ∼= [31
2]. Our
computation H1([Gr tg,Gr tg])4 = 0 corresponds to the fact that the homomorphism q2
is surjective, namely Coker q2 = 0. Then, by the definition of the homomorphisms qk
mentioned above, it is easy to see that they are surjective for all k ≥ 3 as well.
Proof of Corollary 1.5. (i) The result of Heap mentioned above implies that Ker τ˜g(2) =
Mg(4). On the other hand, the case k = 4 of Corollary 1.3 shows that Ig(4) is a finite
index subgroup of
Ker(d1 :Mg(4)→ Q) = Ker (d1, τ˜2).
Now Theorem 1.4 implies that
Ker (d1, τ˜2)/[Kg,Kg] ∼= Torsion(H1(Kg;Z)).
According to Ershov-He [6] and Church-Ershov-Putman [3], Kg is finitely generated. It
follows that the torsion subgroup Torsion(H1(Kg;Z)) of H1(Kg;Z) is a finite group and
hence [Kg,Kg] is a finite index subgroup of Ker (d1, τ˜2). Thus both the groups Ig(4) and
[Kg,Kg] are finite index subgroups of the same group Ker (d1, τ˜2). Therefore they are
commensurable.
(ii) According to [3], Ig(4) is finitely generated for g ≥ 7. On the other hand, Ig(4)
is a finite index subgroup of Ker (d1, τ˜2) as shown in (i) . It follows that Ker (d1, τ˜2) is
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finitely generated. Since [Kg,Kg] is a finite index subgroup of Ker (d1, τ˜2) as above, we
conclude that it is also finitely generated.
This finishes the proof. 
Problem 7.6. For a given k ≥ 3, determine whether the rationally surjective homomor-
phisms
(d1, τ˜g(k)) :Mg(k)→ Q⊕
2k−1⊕
i=k
mg(i)
τ˜g(k) : Ig(k)→
2k−1⊕
i=k
mg(i)
give the whole of H1(Mg(k);Q) andH1(Ig(k);Q) or not.
In view of the result of [3] that Mg(k) and Ig(k) are all finitely generated for g ≥
2k − 1, a positive solution to the above problem would imply that the subgroups
[Mg(k),Mg(k)], [Ig(k), Ig(k)], Ig(2k) of the Torelli group Ig are commensurable for g ≥
4k − 1. It would then follow that the groups [Mg(k),Mg(k)], [Ig(k), Ig(k)] are finitely
generated in the same range.
Now we go back to the homomorphism (10) for the cases k = 3, 4.
Proposition 7.7. There exist isomorphisms
(d1, p ◦ τ˜g(3)) : (Mg(3)/Ig(5))⊗Q ∼= Q⊕mg(3)⊕mg(4),
(d1, q ◦ τ˜g(4)) : (Mg(4)/Ig(7))⊗Q ∼= Q⊕mg(4)⊕mg(5)⊕mg(6)
where p, q are the projections
p : mg(3)⊕mg(4)⊕mg(5)→ mg(3)⊕mg(4),
q : mg(4)⊕mg(5)⊕mg(6)⊕mg(7)→ mg(4)⊕mg(5)⊕mg(6).
Proof. This follows by combining the facts that Ig(5), Ig(7) are finite index subgroups
of the kernel of the homomorphism d1 on Mg(5),Mg(7), respectively (see Corollary
1.3) and the above homomorphism (10). 
By using Corollary 7.3 and Proposition 7.7, we obtain the following.
Theorem 7.8. Let v be a rational invariant of homology spheres of finite type 4, including the
second Ohtsuki invariant λ2, and let v
∗ : Ig → Q be the associated mapping. Then we have the
following.
(i) The restriction v∗ : Ig(3)→ Q, which is a homomorphism, is a quotient of the homomor-
phism
p ◦ τ˜g(3) : Ig(3)→
5⊕
i=3
mg(i)
p
→ mg(3)⊕mg(4)
where p denotes the natural projection.
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(ii) The restriction map v∗ :Mg(3)→ Q factors through the homomorphism
(d1, p ◦ τ˜g(3)) :Mg(3)→ Q⊕mg(3)⊕mg(4).
(iii) The restriction map v∗ :Mg(5)→ Q factors through the homomorphism
d1 :Mg(5)→ Q.
Note that the restriction maps v∗ : Mg(3) → Q and v
∗ : Mg(5) → Q might not be
homomorphisms.
Theorem 7.9. Let v be a rational invariant of homology spheres of finite type 6, including the
third Ohtsuki invariant λ3, and let v
∗ : Ig → Q be the associated mapping. Then we have the
following.
(i) The restriction v∗ : Ig(4)→ Q, which is a homomorphism, is a quotient of the homomor-
phism
q ◦ τ˜g(4) : Ig(4)→
7⊕
i=4
mg(i)
q
→ mg(4)⊕mg(5)⊕mg(6)
where q denotes the natural projection.
(ii) The restriction map v∗ :Mg(4)→ Q factors through the homomorphism
(d1, q ◦ τ˜g(4)) :Mg(4)→ Q⊕mg(4)⊕mg(5)⊕mg(6).
(iii) The restriction map v∗ :Mg(7)→ Q factors through the homomorphism
d1 :Mg(7)→ Q.
Note also that the restriction maps v∗ : Mg(4) → Q and v
∗ : Mg(7) → Q might not
be homomorphisms.
Problem 7.10. Determine the precise formulae for the expressions of λ∗2, λ
∗
3 in terms of
d1 on the subgroups Mg(5),Mg(7), respectively. Recall here that λ
∗ = 1
24
d1 onMg(3)
(Theorem 7.1) and based on this, we call d1 the core of the Casson invariant. It seems
reasonable to imagine that λ∗2, λ
∗
3 are constant times d
2
1, d
3
1, respectively, including the
cases where the constant vanishes.
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